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Convergence: Point-wise vs Uniform

Definition. A function f convergesto Lasx —aif Ve >0:30 >0:
suchthat 0 # [x—a| < 6 = |f(x)—L|<e.

Theorem (3.6). f — Lasx— aonl\{a} iff for every sequence such
that x, — a we have f(x,) — L. This is a good way of disproving
convergence.

Definition (Convergence). A sequence of function (f, : E — R),cn is

said to converge
e point-wise if Vxe E:AN :Vn>N:|f—fu| <e.
e uniformly if AN :Vn>NVxeE:|f—fu| <e.

Theorem (7.9). If f, — f uniformly and each f, is continuous then f
is continuous.

Proof. Let € >0and N € N so that n > N = |f,, — f| < § (by uni-
form convergence). Let 8 > 050 [x—xo| < & = |fv(x0) — fv(x)| < §
(by continuity of fy at xo). So |f(x) — f(xo0)| < |f = fv|+|/n(x0) —
N+ 1fn(x0) — fv ()] <e.

Theorem (7.10). If f, — f uniformly then lim, .. ( fab f,,(x)dx) =
1P fx)dx.

Continuity: Point-wise vs Uniform
“Uniform continuity means f;,(x) — f(x) at roughly the same rate, for each x”

Definition. A function f : E — R is uniformly continuous if Ve > 0:35 > 0:
such that [x —a| < § anda,x e E = |f(x) — f(a)| < €.

Theorem (3.38). If (xn)uen is Cauchy and f is uniformly continuous then
(f(n))nen is Cauchy.

Proof. Cauchy = V4 > 0:3N :Vm,n > N we get |x,, —x,| < & then using
uniform continuity | f(x,,) — f(x,)| < €.

Power Series

Definition (Radius of Convergence). The radius of convergence
(RoC), R, of a power-series S(x) = Y.i°_ ax(x — x0)¥ is such that S(x)
converges absolutely for x —xp < R and diverges for x —xo > R. Thus

R=sup{r>0: (a,r")sen is bounded}.
Theorem (Radius of convergence). Let S(x) := Y5 ax(x —x0)* be a
power series with RoC R, then

k
o Ifr= 1 < oo then R = r and S(x) converges

limsupy_, o, ay (x—x0 )
uniformly on (xo — R,xo + R).
lax|

o [fr=1limy_e Tags] exists then R =r.

Proof. Root and ratio test, respectively.

Proof. Note that f is bounded on [a,b]. Let € > 0 and choose
N € N so that n > N gives [f(x) — fy(x)| < € for all x € [a,D].
Choose step functions yp = ‘%‘ for decreasing partitions P of [a,b]

so that [f(x) — fu(x)| < |yn] < ﬁ. Then 0 < f < yp for all P

and [yp—0 — 0 so f— f, is integrable, giving that f is too, and
Lim( [ f,) = [lim(f,) = [ f, as stated!

Theorem (Cauchy Criterion). The sequence f, — f uniformly iff
Ve>0:INeN:nm>n=|f,— ful <&

Proof. Triangle inequality.

Theorem (Weierstrass M-Test:). If (f,,: E — R) ey and Vn : | f,| < M,
with Y7 | My < oo == Y° | fi converges uniformly and absolutely.

Proof. Let € > 0 and use Cauchy criterion to choose N s.t. Vm > n >
N:Y M <€ Then [, fill <Y, | fil ST, M <e.

Theorem (Dirichlet’s Test). Suppose fi,gx - E — Rand Y5 | fi| <M
and gy — 0 uniformly then Y;_ | figk converges uniformly.

Proof. Ll fegkl = |gn Xl fet Xroh (T fi) (8k — gkr1)| <
2Mgy +2M ¥ ) (8k — 8kr1) = 2Mgp.

Theorem (3.39). If f is continuous on a closed, bounded interval I then f is
uniformly continuous on I.

Proof. Contradiction proof: Let € >0and 6§ =1/n and |x, —y,| < 1/nbutalso
|f(x1) — f(yn)| > €. By Bolzano-Weierstrass both x;, and y, have convergent
subsequences x,, — x and y,, — y so that [f(x) — f(y)| > € ie f(x) # f(¥),
but |x, —yn| < 1/n—0sox=y= f(x) = f(y), contradiction!

Theorem. Suppose f : (a,b) — R is continuous. Then f is uniformly contin-
uous iff it can be extended continuously to |a, b).

Definition (Interval of Convergence). The Interval of convergence of
a power series S(x) is the largest interval for which S(x) converges.

Theorem (Abel’s Theorem). If S(x) = Y5 ax(x —x0)* converges on
[a,b] then S(x) is continuous and converges uniformly on [a,b).

Theorem. If S(x) := Y7 gax(x —x0)¥ has RoC R > 0 then §'(x) =
Y okar(x —x0)k=! for x € (xo — R, x0 +R).

Theorem. The two power series Y, an(x —xo)" and Y _ona,(x —
x0)" have the same radius of convergence.

Theorem. IfY " a,(x—xo)" has radius of convergence R then S(x) =
Yoo oan(x—xo)" is infinitely differentiable for |x — xo| < R with deriva-
tive Yoo nay(x —xo)" L.



Riemann Integration
Definition. The characteristic function of E C R is

1e) = {é

Definition. The integral of xg is

/)(E = length(E).

Definition. We say that ¢ is a step-function if there are real numbers
Xg < x1 < +++ < xp such that

ifxeE

otherwise

e ¢(x) =0 for all x < xp and x > x;, (this is called bounded sup-
port)7

e ¢(x)is constanton (x;_1,x;)1 < j<n.
Note that then ¢ (x) = ¥, ¢;X(x;_; x;) (X)-

Definition. The integral of a step function ¢ (x) = ¥ ¢;X(x;_ x;) (%)
is defined by .

Jo=[000=F et 1oy 0= = ¥ i1 3.
Jj=1 j=1

Theorem. Integration is linear: [(a¢p+Py)=a [¢+ [y.

Definition. Let f: R — R, we say f is Riemann-integrable if for all
€ > 0 there exist step functions ¢, ¥ such that

o<r<y and [y~ [o<e
Definition. Let f be Riemann integrable, then

/f:sup{/q) : q)isastepfunctionand¢§f}

:inf{/ly: y/isastepfunctionandl/lzf}.

Theorem. A function f is Riemann integrable iff there exists se-
quences of step functions (¢,), (Wy,) such that

¢nnglynand/l;/n—/(])n—)Oasn—)oo.

Theorem. Let f,g be Riemann integrable, then

af + bg is Riemann integrable with [(af +bg)=a [ f+b [ g,

iff>0then [f>0;iff<gthen [f< [g

|f| is Riemann integrable and | [ f| < [ |f

>

min{ f,g} and max{f,g} are Riemann integrable, and

o fgis Riemann integrable.

Theorem. if f(x) = f(x) for x € [a,b], where f : [a,b] — R is contin-
uous and f(x) =0 if x ¢ [a,b] then f is Riemann integrable, and we

define
[7=]r

Fundamental Theorem of Calculus

Theorem. Let g be Riemann integrable and continuous for x € [a, b,
then defining G(x) = [ g we have that

d

;00 =38(x).

Theorem. Suppose f : [a,b] — R is continuously differentiable, then

bdifi

=10~ 1.

Integrals and sequences/series

Theorem. Suppose (f,:R — R),cn converges uniformlyto f: R — R
with each f, Riemann-integrable, then f is Riemann integrable with

/f = Jiieo/fn and thus,
JTR=X /5

Metric Spaces

“Metric spaces generalise our idea of distance.”

Basic Ideas

Axiom (Metric Space). A metric space M = (X, ) is a set X and a function
T:X XX — X such that for all x,y,z € X :

o Positive-definite: 7(x,y) > 0 with 7(x,y) =0iff x =y,
e Symmetric: 7(x,y) = 7(y,x), and
o Triangle Inequality: 7(x,z) < 7(x,y) + 7(3,2).
Definition (Open and Closed Balls). The open ball of radius  centred at xy of

a metric space M = (X, 7) is Br(x9) = {x € X : 7(x,x0) < r}. The closed ball
is By(xg) = {x € X : ©(x,x0) < r}. These generalise open/closed intervals.

Definition (Open and Closed sets). A subset V C X of a metric-space (7,X)
is said to be open if Ve > 0: 3B¢(xg) C V. A set E C X is closed if X \ E is
open.
Theorem (10.14). Let M = (X, T) be a metric space.

o A sequence in M can have at most one limit,

o if x, — x and xy, is a subsequence of x, then x,, — x also,

e cvery convergent sequence in M is bounded,

e cvery convergent sequence is Cauchy.

Theorem (10.16). A set E C X for metric space M = (X, 7) is closed iff every
convergent sequence xi in E satisfies limy_,o(x;) € E.

Proof. Suppose (for contradiction) that E C X is closed and limy_,. x,, € X \ E
which is open by definition of closed, then there is an N such that Vn > N :
Xn € X \ E by the definition of limits - contradiction! The other direction
uses squeeze-theorem to show some sequence T(xg,x) — 0 with x € X \ E and
X € E, so that x; — x giving a contradiction that x is and isn’t in E.

Definition (Complete). A metric space M = (x, T) is complete if every Cauchy
sequence x, € X converges to some point in X.

Theorem (10.21). If (X,7) is a complete metric space with E C X then
(E,t|g) is a complete metric space iff E is closed.

Proof. If E is complete and x,, — x € E and so by Theorem 10.14(iv) the se-
quence (x;)xen is Cauchy, so by 10.16 E is closed. Suppose E is closed and
xn € E C X is Cauchy, then x;,, is Cauchy (and hence convergent) in X since X
is complete and since E is closed this limit must belong to E.

Limits and Continuity

Definition (Cluster Point). A point a € X for metric space (X, ) is a cluster
point of X iff V6 > 0 : |Bg(a)| = eo. This avoids the problem that |x —y| < 6
may have no solutions with x # y.



Definition (Convergence). Let a be a cluster point of metric space (X,7)
and f: X\ {a} — Y for some metric space (¥,p) then f(x) converges to L
ifVe>0:36>0:0<1t(x,a) <6 = 7(f(x),L) <e.

Definition (Continuous). A function f: E C X — Y between metric spaces
(X,7) and (Y, p) is continuous at xo € E iff Ve > 0:38 > 0: 7(x,xp) < 6 and
x€E = p(f(x),f(x0)) <e.

Theorem (10.28 and 10.29). A function between metric spaces (X,7) and
(Y,p) is continuous iff for any sequence x, — x € X we have f(x,) — f(x).
Furthermore if f : X — Y and g : Y — Z are continuous then lim(go f) =

g(lim()).

Interior, Closure and Boundary
Theorem (10.31). Let {Va}aea and {Eg}pgcp be a collection of open and
closed sets, respectively:

® Ugeca Vo is open.

o If|A| is finite then (\yea Va is open.

e NgepEp is closed.

o If|B| is finite then Jgcp Eq is closed.
Proof. Just follow the definitions and use De-Morgan’s laws.
Definition (Interior, Closure, Boundary). Let (X,T) be a metric space and
ECX

e The interior of E is E? := | J{V C E : V is open in X },

e the closure of Eis E:=(\{B 2 E : Bisclosed in X}, and

e the boundary of E is dE := {x € X : Vr > 0B,(x) NE # 0 # B.(x) N
(X\E)} =E\E°.

Thus E° C E is the largest open subset of E and E D E is the smallest closed
superset of E. The fundamental theorem of calculus determines an integral
based only on the endpoints of the domain, the boundary of a set generalises
this.

Theorem (10.40). Let A,B C X for a metric space (X,7), then

(AUB)° D A°UB?, (ANB)° =A°NB°,

Continuous Functions

Recall for this section that function f : (X,7) — (¥,p) is continuous
ata€ X ifVe>0:38 >0:7(x,a) <8 = p(f(x),f(a)) <e. Inother
words Bs(a) € f~!(Be(f(a))) C X. This leads to

Theorem (Continuity). A function f: X — Y is continuous iff VvV CY
open: =1 (V) is open.

Theorem (10.61 and 10.62). If H C X is compact and f: H — Y is
continuous then f(X) is compact. IfE is connected inX and f :E —Y
is continuous then f(E) is connected.

Compactness

Compactness generalises the idea of a ‘closed and bounded interval’ which we
use to prove the Extreme Value Theorem (EVT), thus the aim of this section
is to prove EVT for more general metric spaces.

Definition (Covering). Let ¥ = {V;};cs be a collection of subsets V; C X of a
metric space (X,7) with E C X.

o ¥ covers Eiff E C J;; Vi,
e ¥ is an open cover iff each V; is open and ¥ covers E, and

e ¥ has a finite subcover iff 31y C I : |Iy| < oo such that {V;}, covers ¥

Definition (Compact). A subset H C X of a metric space is compact iff every
open covering of H has a finite subcover, thus compact sets are those that can
be covered by finitely many sets of arbitrarily small size.

Theorem (10.44-10.46). Let H C X for H closed and (X, T) compact, then H
is compact and thus is closed and bounded.

Definition (Separable). A metric space (X, 7) is separable iff it contains a
countable dense subset, ie Va € X : I(x; )ken : Xx — a as k — oo with x; € Z for
some countable Z. This allows us to get a partial converse to Theorem 10.46.

Theorem (Lindeldf). Let E C X for separable metric space (X, 7). If ¥ is an
open cover of E then V' has a finite subcover.

Theorem (Heine-Borel). Let (X,7) be a separable metric space where every
bounded sequence has a convergent subsequence and let H C X. Then H is
compact < H is closed and bounded.

Connectedness

Definition (Connected). Let U,V C X be open in a metric space (X, 7), they
separate X iff X =U UV and U NV = 0. The space X is connected if no
such separating U, V exist. (ie. the sets (—oo,v/2) U (1/2,) separate Q, so the
rationals aren’t connected).

Definition (Relatively open/closed). Let E C X for metric space (X, T), then
U C E is relatively open (resp. closed) if 3V C X : U = ENYV and V open
(resp. closed).

Theorem (Extreme Value Theorem). Let O = H C X be a compact
subset of a metric space (X,t) with f: H — R continuous, then
M = sup{f(x) : x € H} and m :=inf{f(x) : x € H} are finite real
numbers and 3xpy1, %, € H @ f(xy) =mand f(xpy) =M.

Proof. Since H is compact so is f(H) by 10.61, so by 10.64 f(H) is
closed and bounded, thus M is bounded (ie finite). By the approxima-
tion property let x; € H be so that f(x;) — M so that xp = limy_.(x)
since f(H) is closed and thus contains its limit points.

Theorem (10.64). If H is compact and f : H — Y is injective and
continuous then f~" is continuous on f(H).



Contraction Mappings

Definition. Let (X,d) be a metric space. A function f : (X,d) —
(X,d) is a contraction mapping if there exists an a € (0, 1) such that

d(f(x),f(y) <ad(x,y) forallx,y€eX.

Brower’s Fixed point theorem

Theorem. If (X,d) is a complete metric space with contraction f :
(X,d) — (X,d) then there exists a unique ‘fixed point’ x such that

flx)=x

Proof. Pick xp € X and let x,41 = f(x), then d(x,11,x,) =
d(f(xn), f(xn—1) < ad(xn,xq—1) < @"d(x1,xp). Thus if m > n then

d(xrmxn) d(xn+17xn)

N4 )d(xl,xo)

d(xmaxm l)
( a l
a®
-

IN

d(x1,x0) — 0asn — oo,

Hence (x,),en is Cauchy thus (by completeness) is convergent to some
x. Now contraction maps are continuous, SO

f(x) = lim x,, = lim f(x,,) = llman =1x,
n—soo n—

giving our fixed point, which is unique by the uniqueness of limits. [

Differential Equations
Our aim is to find conditions under which the system

dx

E = F(xvt)7

x(0)=A

has a unique solution x(t) for |¢| < s.

Definition. A function F(x,t) satisfies the Lipshitz condition in x
if for A € R where F : [A — p,A+ p| x [-r,r] — R is continuous for
p,r>0,and

Vx,y€[A—p,A+p]:Vt€[—rr]:IM >0:|F(x,t) —F(y,t)| < M|x—y|.
Theorem (Picard). Suppose F(x,t) satisfies the Lipschitz condition in
x, then

a»o:?:m,z), X(0) = A 0

has a unique solution x(t) for |t| <s.

Proof. Consider the mapping T given by

t
:A+/qu u)du
0

this is a contraction mapping of the (complete) space of continuous
functions €' ([A — p,A + p]) with metric d.(f,g) = SUP|y < |f(u) —
g(u)| for a sufficiently small s. Choosing such an s gives, by Ba-
nach’s fixed-point theorem, that there is a ‘fixed point’, i.e. an element
f€E(JA—p,A+p]) where T(f)(¢t) = f(¢), which is then a solution
to (1) by the fundamental theorem of calculus. ]



Useful Formula

Various Equations

Theorem (De-Morgan’s Law). If for any o € A for indexing set A we
have Eq C X then

X\ JEa=)Ea
oA oA
Axiom (Completeness). If A C R then sup(A) € R exists.

and X\ () E«= ] Ea.

acA acA

Theorem (Nested Interval). If (I,).en is a sequence of non-empty
bounded intervals then (e In # 0, specifically if |I,| — O then I, —
{x}, a singleton.

Theorem. The metric space (R, |-|), ie R under the Euclidean metric,
is complete (“Cauchy = convergent”).

FPM Revision

Definition. A function f is continuous at a iff Ve > 0: 38 > 0 such
that [x—a| < 8§ = |f(x)— f(a)| <e.

Theorem (Extreme Value). If1 is a closed, bounded interval then any
f: I — Ris bounded and f will attain these upper and lower bounds.

Proof. Assume this is false so that |f(x,)| > n for some n € N, by
Bolzano-Weierstrass there is a subsequence x,,, — a, so that | f(x,, )| >
ny will have the same limiting behaviour as | f(x,)|, but then f(a) — o
- a contradiction of Bolzano-Weierstrass! So f is bounded.

Theorem (Intermediate Value). Suppose f : [a,b] — R is continuous,
if yo lies between f(a) and f(b) then 3xo € (a,b) : f(x0) = yo.

Proof. WLOG assume f(a) < yo < f(b). Consider E := {x € [a,]] :
f(x) <yo}, by the completeness axiom x( := supE exists, so choose

Theorem (2.8). Every convergent sequence is bounded.

Proof. Let M := max{|x;|,|x2],...,|xn
1 =[xy < 14]al.

}, thenusen >N = |x, —a| <

Theorem (Squeeze Theorem). Suppose (xp)neN, Vn)neN and (Wy)nen
are sequences in R, then if x,,y, — a and Vn : x, < w, <y, then
w, — a also.

Proof. Justusea—€ <x, <w, <y, <a-+e.

Theorem (Comparison Test). Suppose (x,)nen and (yn)nen are con-
vergent with ¥n : x, < y, then limy,_,e(x;) < limy_e0(yn)-

Proof. Proof by contradiction: assume that Vn : x, < y, and
limy, o0 () > lim, e0(y,). Let € := 52 > 0 and choose N so that
Vn>N:|x—xu|,ly—yi] <€ Thenx, >x—€=y+€>y, so
dn : x, > y,, contradiction!

Theorem (Monotone Convergence). If (x,),eN is increasing and
bounded above then it converges.

Proof. Use approximation property for the supremum a := sup{x, :
n € N} (which exists by the completeness axiom) to get Ve > 0,n >
N: a—¢& < xy < athen use the squeeze theorem.

Theorem (Bolzano-Weierstrass). Every bounded sequence has a con-
vergent subsequence.

Proof. Choose a,b € R such that Vn : x, € [a,b] =: I, then divide Iy
into two sets Iy = [a, b%“} Define I; as the one of these halves that con-
tain infinitely many x,, and repeat the split so that |I,| — O, then by the
nested interval theorem lim,,_,o I, = {x}, the limit of a subsequence.

Theorem (2.36). Let (x,)nen be a sequence of real numbers. Then
X, — x as n — oo if and only if limsupx, = liminfx, = x.

Proof. Use that inf(x,) < x, < sup(x,) and squeeze-theorem.

Proof. Suppose that (x,),en is Cauchy so that Ve > 0: Vm,n > N :
|%m — xn| < €. Choose € =1 and N so that |xy —x,,| < 1 for all m > N
giving by the triangle inequality that |x,,| < 14 |xy|. Thus (x,)nen is
bounded by M := max{|xi|,...,|xy—1],|xy| + 1}, then use Bolzano-
Weierstrass.

Theorem (Bernoulli’s inequality). Let x € [—1,0). Then 0 < ot <
l = (1+x0)*<l4+axand o >1 = (14+x)* > 1+ ax.

Proof. Let f(t) =1t* then f'(t) = oat®~! then by Mean Value Theorem
Je € [1,1+x]: f(14+x) — f(1) = axc®~'. Then split into cases x > 0
and —1 <x <0.

a sequence so that x, — xo then by continuity f(x¢) = lim f(x,) < yo.
For contradiction, assume that f(xp) < yo then 0 < yo — f(xp) is con-
tinuous on [a,b), so Ix; > xp such that yo — f(x;) > € > 0 so that
supE < x1 € E, a contradiction!

Theorem (Rolle). Suppose that a < b. If f is continuous on [a,b] and
differentiable on (a,b) with f(a) = f(b) then 3c € (a,b) : f'(c) =0.

Proof. Look at the maximum Vx € [a,b] : f(x) < f(c) := M, and let
€ >0 so that f(c—€)— f(c) <0 and f(c+¢€)— f(c) >0, then use

intermediate value theorem to get f’(c)limg_ (M) =0.

Theorem (Mean Value). If f, g are continuous on [a,b] and differen-
tiable on (a,b) then 3c € (a,b) such that f(b) — f(a) = f'(c)(b—a)
and g'(c) (f(b) - f(a)) = f'(c)(8(b) — g(a)).

Definition. The partial sum of order n of a sequence (a,),en is given
by s, := Y."_, a;. The infinite sum Y;2 | a; converges if (s,),en does.

Definition. A series Y° ja, converges absolutely if Y ;- |a,| con-

verges.

Theorem (Convergence Tests). Let (a,)qen be a sequence and s, :=
Y71 oai and sw =Y.~ g a;, and also let 1w 1= Y7 b;, then

o Divergence test: If s.. converges then a, — 0 as n — oo.
o Telescoping: Y52 | (ai — aiy1) = a1 — limyse0 ay.

o Geometric Series: |x| <1< Y7 yx"= lxNTX
o Cauchy Criterion: s. converges iffVe >0:IN:m>n>N =

lsn] < €.

o Integral Test: If f > 0 is decreasing then Y., f (k) converges
i [ £ () dx < o

o p-test: Y| & converges iff p > 1.

o Comparison Test: IfVi: 0 < a; < b; then r. converges = Se
converges, and S« diverges = 1., diverges.

o Limit Comparison Test: Let L := lim,_, Z—Z then L >0 = re
converges iff S does. If L =0 then r» converges = s, con-
verges.

e Root Test: Let d := limsup; ... |a;|'/*. Then d < 1= s; con-
verges absolutely, and if d > 1 then it diverges.
A+ 1

ay
absolutely, and if d > 1 then it diverges.

o Ratio Test: Let d := limy_,.,

then d < 1 = sy converges



Dependency tree of theorems

’ Nested Interval Theorem ‘

|

’ Bolzano-Weierstrass ‘

1

’ Approximation Property H Monotone Convergence Theorem ‘

N

’ Completen.ess Axiom ‘

Extreme Value
Theorem

“f is cts on bounded interval
= f is uniformly cts”

R is complete

Intermediate
Value Theorem

Probably non-examinable

Theorem (4.32). Suppose I is an interval and f : I — R is injective
and continuous on I, then J := f(I) is an interval on which f~! is
monotone, and f is monotone on I.

Proof. Suppose a,b € I and ¢,d € J with f(a) = ¢ < f(b) = d, and
let yo € (c,d), then by Intermediate value theorem (since f is continu-
ous) dxg € (a,b) : yo = f(x0). To summarise, yg € (¢,d) = yp €J
so J is an interval. To prove f is monotone use contradiction; assume
f isn’t monotone then use intermediate value theorem again to derive
that f(c) < f(a) < f(b) or f(a) < f(b) < f(¢) = 3x; € (a,b) :
f(x1) = f(a) or f(x1) = f(b), a contradiction!

Theorem (Inverse Function Theorem). If I is an interval and f : I —
R is injective and continuous with b = f(a) and f'(a) exists, then

_ o
4 p=1(p) = f/%a). In other words %% = dx}dy'

~
’Rolle’s Theorem‘
\

Inverse Function
Theorem

Mean Value
Theorem

Proof. Theorem 4.32 gives that f is monotone, so we can fix the in-
tervals of f and f~!. Then use that f is continuous to swap f~! with
differentiation limits:

[ o+h) — ()
h

_ |
—lim—"% __

w=a f(x) = fla)  f(x)’

where x := f~!(b+h) and b = f~!(a) by assumption so that f(x) —
fla)=(b+h)—b=nh.

lim
h—0

Definition. A series Y 7 by is a rearrangement of Y, ay ift there is
an injective function so that b ;) = ax.

Theorem (6.27). If Y ;" ai converges absolutely and Y 7_ by is a re-
arrangement then Y > by = Y5 ax.

Theorem (Riemann). If x € R and Y ay is conditionally (but not
absolutely) convergent then there is a rearrangement of Y ;_,ai so
that Y 5o br = x.



